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Abstract. An axisymmetric MHD model is examined an-
alytically to illustrate some key aspects of the physics
of hot and magnetized outflows which originate in the
near environment of a central gravitating body. By an-
alyzing the asymptotical behaviour of the outflows it is
found that they attain a variety of shapes such as con-
ical, paraboloidal or cylindrical. However, non cylindri-
cal asymptotics can be achieved only when the magnetic
pinching is negligible and the outflow is overpressured
on its symmetry axis. In cylindrical jet-type asymptotics,
the outflowing plasma reaches an equilibrium wherein it
is conned by magnetic forces or gas pressure gradients,
while it is supported by centrifugal forces or gas pressure
gradients. In which of the two regimes (with thermal or
magnetic connement) a jet can be found depends on the
eciency of the central magnetic rotator. The radius and
terminal speed of the jet are analytically given in terms
of the variation across the poloidal streamlines of the to-
tal energy. Large radius of the jet and ecient acceler-
ation are best obtained when the external connement
is provided with comparable contributions by magnetic
pinching and thermal pressure. In most cases, collimated
streamlines undergo oscillations with various wavelengths,
as also found by other analytical models. Scenarios for the
evolution of outflows into winds and jets in the dierent
connement regimes are shortly outlined.
Key words MHD { plasmas { solar wind { stars: mass
loss { stars: pre-main sequence { ISM: jets and outflows {
Galaxies: jets
1. Introduction
Nonuniform plasma outflows seem to be ubiquitous in as-
trophysics on galactic and extragalactic scales. The clos-
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est example is the solar wind itself which shows strong
heliolatitudinal velocity gradients as recently observed by
Ulysses (Lima & Tsinganos 1996, McComas et al. 1998).
Further away collimated outflows are observed in asso-
ciation with several galactic objects, such as young and
evolved stars, planetary nebulae, X-ray binaries and col-
lapsed objects (for reviews see Ray 1996, Kafatos 1996,
Mirabel & Rodriguez 1996, Brinkmann & Mu¨ller 1998,
Livio 1998). Finally, on extragalactic scales jets are ob-
served to originate in many Active Galactic Nuclei and
Quasars (Biretta 1996, Ferrari et al. 1996).
Yet, despite their abundance the basic questions on
the formation, acceleration and propagation of nonuni-
form winds and jets have not been fully answered. Never-
theless, observations seem to indicate that the basic ingre-
dients for producing astrophysical outflows are some sort
of heating to launch thermally the wind at the axis plus
a rotating central gravitating object and/or an accretion
disk threaded with magnetic elds to accelerate magneto-
centrifugally and collimate the outflow.
1.1. Drivers of the collimated plasma outflow
Several mechanisms have been investigated for accelerat-
ing and collimating astrophysical outflows in galactic and
extragalactic scales. Magnetic rotator forces seem to play
a rather dominant and crucial role (Lynden-Bell 1996) but
they are probably not the only relevant mechanism.
First, thermally driven models are based on the de Laval
nozzle analogy of the solar wind (Parker 1963, Liman &
Siora 1997). This requires the presence of a hot corona
around the central body of the YSO or the AGN. X-ray
emission detected in several of these objects may imply
that thermal eects contribute to the general acceleration
mechanism at the base of the flow but they are probably
not the only ingredient. Furthermore, if the wind is asso-
ciated to a very bright object, the flow can be eectively
accelerated by the photon flux (radiatively driven winds,
Cassinelli 1979). Parallely note also that collimation of
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bipolar outflows from YSOs and Planetary Nebulae by
external thermal pressure gradients have been extensively
studied in the frame of the Generalized Wind Blown Bub-
ble scenario (GWBB, Frank 1998). It has demonstrated
successfully that magnetic processes may not be the only
way to achieve collimated outflows.
Second, magnetic pressure driven models are based on
the uncoiling spring analogy and have been examined by
Draine (1983), Uchida & Shibata (1985) and Contopoulos
(1995). There, it is assumed that a toroidal magnetic eld
Bφ is created and highly amplied by the winding-up of
its eld lines by a radially collapsing and non-Keplerian
rotating disk. Plasma is then accelerated from the disk in
the poloidal direction by the action of the resulting tor-
sional Alfven waves.
Third, magnetocentrifugally driven outflow models are
based on the classical bead on a rotating rigid wire anal-
ogy. There, the magnetized cold fluid is flung out (even
to relativistic velocities) from the surface of the Keplerian
accretion disk, provided that the poloidal eld lines are
inclined enough with respect to the disk axis (Blandford
& Payne 1982, Pelletier & Pudritz 1992, Contopoulos &
Lovelace 1994, Cao 1997). This approach is suitable to
model winds from accretion disks, but is not valid around
the symmetry axis. Moreover it has been pointed out re-
cently (Ogilvie & Livio 1998) that, even if the lines are
suciently inclined, a potential barrier still exists that
can be overcome only by the presence of an extra source
of energy (e.g. a hot corona).
In all the above treatments the eects of the combi-
nation of gas pressure and magnetic elds in accelerating,
collimating and conning jets have not been discussed ad-
equately, despite the fact that the role of the gas pressure
has been recognized for a long time, i.e., that jets are not
moving in a vacuum (molecular clouds around YSO’s, or
host galaxies in AGN) and hence they must have some
interaction with the external medium (Ferrari et al. 1996;
Frank 1998). This approach may also highlight the transi-
tion from fully thermally driven to fully magnetocentrifu-
gally driven collimated winds.
1.2. Radially self-similar models
As with any fully MHD approach and despite of the simpli-
cations of steadiness and axisymmetric geometry, several
approximations are still unavoidable in order to obtain
exact solutions useful for an understanding of the MHD
mechanism for the initial acceleration and nal collima-
tion. Thus, one simple analytical way out is the use of
self-similarity. This hypothesis allows an analysis in a 2-
D geometry of the MHD equations which reduce then to
a system of ordinary dierential equations. The basis of
the self-similarity treatment is the assumption of a scaling
law of one of the variables as function of one of the coor-
dinates. The choice of the scaling variable depends on the
specic astrophysical problem.
Several models self-similar in the radial direction have
been investigated to analyze the structure of winds from
accretion disks (Blandford & Payne 1982, Contopoulos &
Lovelace 1994, Li et al. 1992, Li 1995, 1996, Ferreira 1997,
Ostriker 1997). In these models the driving force and the
collimation derive from a combination of the magnetic
and centrifugal forces. Moreover, as disc-winds are associ-
ated with jets, these studies usually do not consider under
which parametric conditions full collimation is obtained.
Exceptions are given in Pelletier & Pudritz (1992) and
Contopoulos & Lovelace (1994) where the collimation e-
ciency is linked to a current flowing in agreement with the
Heyvaerts & Norman (1989) general analysis. However,
the absence of an exact crossing of all the existing critical
points in the solutions presented in these papers prevents
from considering their conclusions as denitive. Neverthe-
less, it has been shown that within the frame of self-similar
disc-wind assumptions, it is possible to cross all critical
points thus getting meaningful solutions (Tsinganos et al.
1996, Vlahakis 1998). Moreover, the role of the inhomo-
geneity in the pressure distribution has not been taken
into account until recently in these models (Ferreira 1997)
and a full parametric study of this extra variable is yet to
be performed.
1.3. Meridionally self-similar models
In a series of studies, solutions of the MHD equations that
are self-similar in the meridional direction have been also
analyzed (Tsinganos & Trussoni 1990, 1991, Tsinganos &
Sauty 1992a,b, Papers I and II of this series, Trussoni
& Tsinganos 1993, Sauty & Tsinganos 1994, Paper III
of this series, Trussoni et al. 1997, henceforth TTS97).
Such a treatment allows to study the physical properties
of the outflow close to its rotational axis. As in this region
the contribution to acceleration of the magnetocentrifu-
gal forces is small, the eect of a thermal driving force is
essential. This implies also that the structure of the gas
pressure in the flow is essential.
Two main classes of such self similar solutions have
been investigated depending on whether the components
of the pressure gradient along the radial and meridional
directions are related or not. In the second case the shape
of the streamlines and eldlines is prescribed ‘a priori’,
and the main features of the dynamical variables are self-
consistently deduced from the integration. In particular, it
has been shown that acceptable solutions for magnetized
flows with asymptotic superAlfvenic velocity exist only
when rotation is included (Tsinganos & Trussoni 1991,
Trussoni & Tsinganos 1993, TTS97). As a consequence of
this study it seems that even pressure conned jets from
slow magnetic rotators need magnetic elds and rotation.
In the other case, in which the two components of the
gas pressure are related, the structure of the streamlines
is deduced as a self-consistent solution of the MHD equa-
tions. It has been shown (Papers I and II) that hydro-
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dynamical and nonrotating magnetized winds are always
radially expanding from the source. On the other hand,
rotating magnetized flows with a spherically symmetric
structure for the pressure gradient can have nal super-
Alfvenic velocities with either radial or collimated asymp-
totically streamlines, depending on the values of the pa-
rameters (Paper III). This allows to deduce a criterium to
select conically expanding winds from cylindrically colli-
mated jets (Sauty et al. 1996).
1.4. Plan of this paper
We extend here the analysis of Paper III to the more gen-
eral case of solutions for rotating magnetized winds with a
nonspherically symmetric gas pressure. In the present pa-
per we concentrate on the asymptotic analysis and its link
to the initial boundary conditions: this allows us to derive
a general criterion for the collimation of winds into jets.
The analysis of the properties of the complete numerical
solutions deserves a separate study which is postponed to
a following paper.
In Sec. 2 we summarize the properties of the merid-
ional self-similar MHD equations while in Sec. 3 we dis-
cuss the energetic structure of the outflow. In particular we
show that an energy integral exists that links the asymp-
totic regime to the boundary conditions at the base, allow-
ing to formulate a general criterion for the collimation of
the wind. The dierent physical conditions for asymptotic
connement (magnetic or thermal) are discussed in detail
in Sec. 4, and in Sec. 5 we show that oscillating congu-
rations can be present in cylindrically collimated jets. In
Sec. 6 the equilibrium asymptotic properties of non colli-
mated flows are outlined, while in Sec. 7 we summarize the
results and shortly discuss the astrophysical implications
of our analysis.
2. Meridionally self-similar MHD model
2.1. Steady axisymmetric ideal MHD outflows
The global dynamical properties of cosmic winds and jets
are usually analyzed by assuming that they represent out-
flows of a fully ionized plasma with a bulk speed V and
carrying a magnetic eld B in the gravitational eld of a
central body of massM. The familiar MHD equations are
employed for a physical description of these phenomena.
In particular, under steady and axisymmetric conditions
(∂/∂t = ∂/∂ϕ = 0), the MHD equations are known to ad-
mit certain free integrals, i.e., functions which remain con-
stant on the magnetic surfaces generated by the revolution
around the magnetic/flow symmetry axis of the system of
a poloidal magnetic line A(r, θ) = constant (Tsinganos
1982). Specically, on the surface of such a flux tube A =
const., the following physical quantities remain invariant
throughout the extent of these surfaces from the base to
innity:
– ΨA(A), the ratio of the magnetic and mass fluxes,
– L(A), the total specic angular momentum carried by
the flow and the magnetic eld,
– Ω(A), the corotation frequency or angular velocity of
each streamline at the base of the flow.
Furthermore, it is well known that the poloidal (p)
and azimuthal (toroidal, ϕ) components of the magnetic
eld and the velocity can be expressed in terms of these
free integrals and the poloidal Alfven Mach number, using
spherical (r, θ, ϕ) or cylindrical ($, ϕ, z) coordinates (for
details see Paper III). In particular, the poloidal Alfven








On the other hand, the two integrals L(A) and Ω(A) are
not independent if the flow is transalfvenic. In such a case,
at the cylindrical distance $a of the Alfven point (M = 1)
from the eld/flow axis of a flux tube labeled by A they
are related as $2a(A) = (r∗ sinθa)
2 = L/Ω.
2.2. Generalized Bernoulli integral
A fourth constant of the motion expresses the conservation
of energy along streamlines. Thus, by projecting the mo-
mentum equation along a streamline, taking into account
the rst law of thermodynamics for energy conservation,






















h is the enthalpy of the perfect monoatomic gas (Γ = 5/3),
q is the net local volumetric heating/cooling rate, and G
the gravitational constant. Thus, at a given radial dis-
tance r along the streamline labeled by A, the conserved
energy E(A) represents the sum of the kinetic, gravita-
tional, Poynting and ideal thermal energy flux densities
per unit of mass flux density, minus the extra heat re-
ceived by the flow between the anchored footpoint at a
basal radial distance ro and the point r under considera-
tion, rro(A).
2.3. Self-similarity: scaling laws for the variables
The model analysed in this paper belongs to the wide
class of meridionally self-similar MHD equilibria (see also
Trussoni et al. 1996; Tsinganos et al. 1996; TTS97; Vla-
hakis & Tsinganos 1998, henceforth VT98). In the follow-
ing we briefly summarize the main steps for the construc-
tion of such a model (see Appendix A for more technical
details).
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For convenience, rst of all the variables are normal-
ized to their respective values at the Alfven surface along
the axis of rotation, r = r∗. In particular, we dene the di-
mensionless radial distance R = r/r∗ and the Alfven speed
V 2∗ = B2∗/4piρ∗, where B∗, V∗ and ρ∗ are the poloidal mag-
netic eld, poloidal velocity and density along the polar
axis at the characteristic radius r∗. For the magnetic flux





Note that along the polar axis α(R, 0) = 0. To obtain the
nal expressions for the physical variables, we make the
following crucial assumptions:
– First, we assume that the Alfven surface is spherical,
M = M(R). Then, according to Eq. (2.1), the density
can be expressed as the product of a function of R [i.e.
1/4piM2(R)] and a function of α [i.e. Ψ2A(α)]. Further-
more, we Taylor expand the function Ψ2A(α) to the rst
order in α such that the variation of the density on a
spherical surface of given radius R is proportional to
the magnetic flux α.
– Second, we assume that the magnetic flux function α is
expressed as the product of a function of R and a func-
tion of θ. Furthermore, for the function of θ we take
a dipolar dependence with the colatitude θ. This im-
mediately implies that the Alfven cross sectional area
pi$2a of a flux surface is proportional to the correspond-
ing magnetic flux α. Also, the ratio G2 = $2/$2a of the
cross sectional area of the flux tube to the Alfven cross
sectional area of the same flux tube depends solely on
the radial distance R.
– Third, we assume that the total axial current Iz en-
closed by a flux tube α = const. is proportional to the
corresponding magnetic flux. This assumption xes the
angular momentum integral L (Paper III). Note that
at once the integral of the corotation frequency Ω fol-
lows from its relation with L at the Alfven distance,
L = Ω$2a. Note also that the integrals L and Ω are cho-
sen such that LΨA and LΩΨ2A contain only rst order
α-terms, in analogy with the previous assumptions.
– Fourth, we assume that the α-dependence of the gas
pressure is similar to that of the density distribution.
This means that the pressure is ultimately a function
of the density along a given magnetic surface, a situ-
ation analogous to the often used polytropic assump-
tion. However, this implicit relationship between pres-
sure and density is much more general than the some-
how articial polytropic assumption. Contrary to the
polytropic relation, its exact form is not imposed a
priori but is determined by the full solution.
Altogether, the four main assumptions of this merid-




(1 + δα) , Ψ2A = 4piρ∗(1 + δα) , (2.3a)
$2(R, α) = r2∗G
2(R)α , $2a(α) = r
2
∗α , (2.3b)
LΨA = λr∗B∗α , LΩΨ2A = λ
2B2∗α , (2.3c)
P (R, α) =
1
2
ρ∗V 2∗ (R)(1 + κα) . (2.3d)
The introduced parameters δ, κ and λ measure the vari-
ation with the colatitude of the density, pressure and ro-
tation, respectively. A fourth parameter ν enters from the
momentum equation as the ratio, at the Alfven distance






2.4. Magnetic rotator energy
An important physical quantity in magnetized outflows
is the so called magnetic rotator energy (Michel 1969,
Belcher & McGregor 1976),
EMR = ΩL . (2.5a)
The basal Poynting energy EPoynt.,o, dened as the ratio of
the Poynting flux density Sz per unit of mass flux density
ρVz , is roughly equal to the magnetic rotator energy ΩL
if at the base the radius of the jet is much smaller than
the Alfven radius (Go  1) and the Alfven number there









 ΩL . (2.5b)
Let Eo be the sum of the kinetic, gravitational and thermal
energies per unit mass at the base of the outflow. Then
the total available energy for the outflow at the base is
E  Eo+ΩL. Accordingly, we have an outflow from a Fast
Magnetic Rotator (FMR) when Eo  ΩL and an outflow
from a Slow Magnetic Rotator (SMR) in the opposite case
of Eo  ΩL.
2.5. Solving the self-similar MHD equations
In order to solve the resulting MHD equations, it is useful
to introduce an extra function F (R) (Papers II and III),
F (R) = 2
(




Evidently, while G(R) dened in Eq. (2.3b) measures
the dimensionless cylindrical radius of a flux tube at the
distance R, F (R) is simply giving the expansion factor
of the streamlines. The limiting case F (R) = 0 corre-
sponds to conical expansion and radial eldlines, while
for F (R) = 2 we have cylindrical expansion parallel to the
axis (collimation). In between these two regimes the flow
is paraboloidal.
The above assumptions, Eqs. (2.3), immediately give
the components of the velocity and magnetic elds (Eqs.
A.3 in Appendix A). On the other hand, the momentum
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conservation law in combination with the above assump-
tions gives four ordinary dierential equations for the four
variables M2(R), F (R), (R) and G(R) (see Appendix A
for details).
The complete solution of these equations, from the
base of the outflow to innity, with the required crossing of
all appropriate critical points, is indeed an interesting un-
dertaking and worth of a separate paper. Here instead, we
shall concentrate on some novel results obtained solely by
solving the equations asymptotically far from the Alfven
surface (R  1) and taking into account the boundary
conditions on the source.
3. The energy integral and collimation criterion
3.1. The generalized Bernoulli integral
A nonadiabatic flow of a monoatomic gas with ratio of
specic heats Γ = 5/3 is always heated at a net volumetric
rate q











With expressions (2.3a) and (2.3d) for the gas density and
pressure, it follows immediately that this heating can be







1 + κ α
1 + δ α
Q(R) , (3.1b)
where the dimensionless specic heating rate per unit of












Hence, the generalized classical Bernoulli integral (2.2)








where the two constants E and E represent the polar
specic energy and the variation across a streamline of the
specic energy, respectively (in Paper III E was denoted
by F1, E by F2 and Q by Q1).
It is straightforward to show from Eqs. (2.2), (2.3),
(A.3) and (3.1){(3.2) that E and E have the following
















































It is worth to digress for a moment and try to get some
insight into the physical meaning of these two conserved
components of the specic energy, E and E .
3.1.1. Polar specic energy
In the rst expression, Eq. (3.3a), the polar energy flux E is
composed of four terms which are successively the poloidal
(i.e. radial here) kinetic and gravitational energies, the
enthalpy and the heating along the polar axis.
The polar specic energy E can be evaluated at both
the base of the wind Ro and far from it as R −!1,



















At the base, wherein the kinetic energy of the outflow is
negligible, Eq. (3.4a) shows that the polar energy has ba-
sically two terms: the gravitational energy and the initial
input of thermal energy in the form of enthalpy. On the
other hand, at innity, Eq. (3.4b), the conserved polar spe-
cic energy is composed of the nal kinetic energy along
the polar axis and the terminal enthalpy minus the addi-
tional extra heating which the flow has received during its
propagation from Ro to innity.
Note that if the wind is cylindrically collimated, M∞,
G∞ and ∞ have nite values. In all other cases, M∞ and
G∞ may be unbounded, although their ratio, which is the








Moreover the terminal pressure ∞ vanishes unless the
integral of the heating diverges, a rather unphysical situ-
ation corresponding to an innite input of heat.
The conservation of the polar energy simply expresses
the fact that the flow along the polar axis is thermally
driven. Furthermore, from Eqs. (3.4a,b) it becomes evi-
dent how the conversion of the heat content of the plasma
















In other words, the decrease of the enthalpy at innity to-
gether with the external heat input integrated along the
polar streamline, on one hand lifts the gas out of the grav-
itational potential well and on the other, gives to it a nite
terminal speed. Of course, this is nothing more than the
classical picture of the Parker thermally driven wind.
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3.1.2. Variation of the specic energy across streamlines
The second conserved component E of the specic en-
ergy gives the excess or decit of the volumetric total en-
ergy E at a nonpolar streamline as compared to the corre-
sponding energy at the polar axis and the same spherical
distance, normalized to the volumetric energy of the mag-
netic rotator. Thus, E has ve contributions which cor-
respond to the ve dierent terms appearing successively
in the RHS of Eq. (3.3b). Each one represents the varia-
tion { in units of the volumetric energy of the magnetic
rotator { between any streamline and the polar axis of
(i) the poloidal kinetic energy, (ii) the volumetric gravita-
tional energy, (iii) the azimuthal kinetic energy (which is
zero along the polar axis), (iv) the Poynting flux (which is
also zero along the polar axis) and (v) the thermal content
(enthalpy plus heating; see Appendix B for details).




ρ(R, α)E(α) − ρ(R, pole)E(pole)
ρ(R, α)L(α)Ω(α)
. (3.6)
Evidently, E/2λ2 represents the variation across the flow
of the total volumetric energy in units of the volumetric
energy of the magnetic rotator. Therefore, the sign of E
determines whether there is a decit of energy per unit
volume (and not per unit mass) along the polar streamline
as compared to the other streamlines (case E > 0) or an
excess of energy in the polar streamline as compared to
the other nonpolar streamlines (case E < 0).
Furthermore, E/2λ2 can be expressed (see Appendix
B for more comments) in terms of the conditions at the
source boundary Ro where the cylindrical radius is $o(α),
the escape speed Vesc,o, the polar density ρo(pole) and the




 [ρo(EPoynt.,o + ER,o + ho + EG,o)]
(ρEMR)o
, (3.7a)
where (ρEMR)o is the variation of the energy of the mag-
netic rotator, (ρEPoynt.)o is the variation of the Poynting
energy, (ρER)o is the variation of the rotational energy
at the base, (ρEG)o is the variation of the volumetric
gravitational energy at the base and (ρh)o is the vari-
ation of the volumetric thermal flux at the base, respec-
tively,
(ρEPoynt)o = ρo(α)EPoynt,o(α) = ρo(α)(ΩL − Ω2$2o) ,
(3.7b)










[ρo(α)− ρo(pole)] , (3.7d)
(ρh)o =
Γ
Γ− 1[Po(α)− Po(pole)] , (3.7e)
(ρEMR)o = ρo(α)EMR(α) = ρo(α)L(α)Ω(α) . (3.7f)
In this notation,  always denotes a variation across the
eldlines at a given radial distance R, i.e. y = y(R, α)−
y(R, pole) for every function y(R, α).
In Eq. (3.7a) note that (see also Eqs. 2.5)
EPoynt.,o + ER,o = EMR − ER,o > 0 . (3.8)
The Poynting flux plus the rotational energy is simply
the energy of the magnetic rotator minus the rotational
energy. This last form is the one used in Paper III. In other
words, and even in the slow magnetic rotator limit, the
rotational energy never exceeds the energy of the magnetic
rotator.
3.2. Energetic denition of Ecient/Inecient Magnetic
Rotators
At this point we inevitably note that E and E are two
inconvenient constants because their absolute values de-
pend on the integration of the total heating supply and
so they can be evaluated only after the problem has been
solved and the required heating can be calculated. How-
ever these two constants are related to each other. In fact,
the last two terms in the expression of E in Eq. (3.3b),
which correspond to the transverse variations of enthalpy
and heating, are identical to the last two terms of E within
a factor of κ. Evidently, this is due to the assumptions on
the pressure and density distribution, Eqs. (2.3a,d). These
initial assumptions imply the existence of an implicit re-













The situation is akin to the more familiar polytropic
ansatz, although there the relationship between pressure
and density is explicit. In TTS97 the generalized Bernoulli
integral has indeed a form similar to Eq. (3.2), but the two
constants E and E are not related to each other as in Eqs.
(3.3), because the spherically symmetric part of the pres-
sure is not related to the corresponding nonspherical part.
For this reason, it was impossible to nd a relationship be-
tween P and ρ of the form of Eq. (3.9) and therefore any
convenient form of the Bernoulli integral.
With this in mind, we can eliminate from the expres-
sions of E and E in (Eqs. 3.3) the inconvenient enthalpy
and heating terms (Paper III) by dening the new con-
stant
 = E − κE . (3.10)
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can be calculated a priori from the conditions at the base
of the outflow, without a need to know the total input of
heating along each line.
A careful look at Eq. (3.11) shows that all the trans-
verse variations of the total energy, simply reproducing,
within a scaling factor κ, the eect of thermally driven
winds along the pole (Eq. 3.4), have been removed (see
Eq. B.7 in Appendix B).
In fact, comparing Eq. (3.11) to Eq. (3.3b), we see
that  contains the same terms as E except the heat
content, but with two extra terms proportional to κ. The
rst of these two terms (κM4/G4) represents simply the
transverse variation of the heat content which is converted
into kinetic energy in a thermally driven wind, as seen by
Eq. (3.5). The second term (κν2/R) is the variation with
the latitude of the thermal energy which along the pole
supports the plasma against gravity.
Let’s assume for a moment δ = κ > 0, such that the en-
thalpy and the temperature (/ P/ρ) are spherically sym-
metric. Since the pressure is larger on a nonpolar stream-
line, we have higher heating rate q there: the extra heating
converted into kinetic energy is κM4/G4 (Eq. 3.5). In the
total energy variation budget it represents the eciency of
thermal connement. Therefore it must be removed from
the energy variation in order to form the constant . The
same holds if κ < 0 except that this κ term will tend to
decollimate the outflow.
Now, if κ = 0 and δ > 0 we see that there is an excess
of gravitational potential −δν2/R because the plasma is
heavier on a nonpolar streamline. In order to achieve equi-
librium, part of the Poynting flux and part of the centrifu-
gal energy must compensate this term. This reduces the
energy available for magnetic connement. If δ > κ, we
need to correct the previous argument because part of the
weight of the plasma is supported on a non polar stream-
line by an increase of the pressure gradient. This compen-
sation is exactly κν2/R. Thus the term−(δ−κ)ν2/R is the
eective increase of the gravitational potential that must
be compensated by some non thermal drivers, the mag-
netic driver for instance. It reduces the eciency of the
magnetic rotator to collimate the flow. Similar arguments
hold if δ < 0 or δ < κ.
As in Eqs. (3.7) let’s express /2λ2 in terms of the
conditions at the source boundary ro (assuming again that





EPoynt.,o + ER,o + E∗G
EMR
, (3.12a)
where EPoynt. and ER,o have been already dened. E∗G
is the excess or the decit on a nonpolar streamline com-
pared to the polar one of the gravitational energy (per unit














It is indeed the term proportional to (δ−κ)ν2 in Eq. (3.11)
and the symbol  keeps the same meaning as previously
(see Appendix B).
It is worth to remark that this corrected gravitational
term plays an important role in thermally accelerating the
flow (Tsinganos & Vlastou 1988; Paper I) because it is pro-
portional to the relative variation of the temperature. We
know from previous numerical studies that (κ − δ) ought
to be negative in order that we have ecient initial accel-
eration along the polar axis. This amounts to say that the
temperature along the polar axis must be larger than the
temperature along a non polar line. Then, the corrected
gravitational term in Eq. (3.12a) is always negative such
that it must be compensated with part of the initial input
of the magnetocentrifugal terms (Poynting and rotational)
at the base of the flow.
Hence,  > 0 means that the magnetocentrifugal terms
are dominating the variation of gravity and that there is
some energy left from the magnetic rotator to collimate
the wind. While  < 0 means that the magnetic rotator
cannot collimate the wind by itself. Of course the collimat-
ing eciency of the magnetic rotator may be eventually
lowered if there is further pressure gradient acting out-
wards in the wind (κ < 0) but /2λ2 really quanties the
original strength of the magnetic rotator to support the
collimation of the flow.
As a conclusion of this subsection, we may dene as
Inefficient Magnetic Rotators (IMR) the magnetic
rotators which are not able to conne the flow through
magnetic processes alone and have  < 0. Conversely we
shall call Efficient Magnetic Rotators (EMR) the
magnetic rotators potentially able to magnetically conne
the flow and which have  > 0. We shall further illustrate
this denition at the end of the next subsection. Within
this denition the classical Slow Magnetic Rotators
(SMR) and Fast Magnetic Rotators (FMR) corre-
spond respectively to (IMR) and (EMR) but only in the
limit where all other energies are distributed in a spheri-
cally symmetric manner at the source base.
3.3. Energetic criterion for cylindrical collimation
The collimation of an outflow can be either of magnetic,
or of thermal origin. In the following, we discuss how to
measure the distribution of the thermal content along and
across the flow, before reaching some conclusions on the
collimation itself.
In a thermally driven wind, all thermal input (internal
enthalpy plus external heating provided along the flow) is
not necessarily fully converted into other forms of energy,
unless the terminal temperature is exactly zero. There
always remains some asymptotic thermal content in the
form of enthalpy. Conversely, we can dene the heat con-
tent that is really used by the flow by dening the con-
verted enthalpy
~h(r, A) = h(r, A) + ∞r (A) − h(1, A) . (3.13a)
